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A new lower bound on the computational complexity of the theory of real 
addition and several related theories la established: any decision procedure for 
these theories requires either space 2*« or nondetermtnistte time 2**** for some 
constant e > and infinitely many n. 

The proof is bssed on the fammes of languages TISP(T(n),S(n)) which can 
be recognized simultaneously in time T(n) and S(n) and the conditions under 
which they form a hierarchy. 
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I. introduction 

We consider the computational complexity of the theory of real addition 
(Th<R,*» and several related theories. Previous results provide the following 
bounds on the complexity of Th <*,«■>: 

1) Lower bound [RR74]. Any decision procedure for Th<M> requires 
rrandetermtnlstic t/me 2°* n * for Infinitely many n. 

2) Upper bound [FeR73]. Th<M> is deeMsMe within space 2** n \ 

Because the precise relation between computation time and space remains 
unknown, there Is sn exponential discrepancy when upper and lower bounds ere 
both expressed In terms of time or space alone. That Is, the exponential lower 
bound (1) for time is only known to Imply s llnesr space lower bound; the 
exponential upper bound (2) for space Is only known to imply a double 
exponential upper bound for time. 

In this thesis we improve the lower bound, showing in particular 

Main Theorem ; There Is an € > such that any decision procedure for Th<R,+> 
requires either more than specs 2 cn or more than nondetermlnls tio time 2 cn ^ for 
infinitely many n. 

Let (N)TISP(T(n),8(n)) be the family of languages recognizsble by a 
(non)determlnlstic Turing msehlns which runs in time T(n) and apace 8(n) 
simultaneously for almost all n. The Mam Theorem is equivalent to the assertion 
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that Th<R,+> Is not a member of NTI8P(2 <n2 ,2 <n ) for some c > 0. 

Wa do not Interpret the Main Theorem as suggesting the likelihood of en 
inherent time-apace tradeoff among decision algorithms for Th<R,*>. The 
Theorem merely leaves open the possmUfty of such a tradeoff. 

The Mein Theorem applies to other theories such es monadic predlcete 
calculus and exponentially bounded concatenation theory* aN of which can be 
shown to be log-linear equivalent [8M73, ST074]. Recently Barman haa 
observed that Th<R,*> is an example of a language complete under polynomial 
time reduction In what Is essentially the elaas Alt(2 n ,n) of languegee 
recognizable by alternating Turing machines using time 2 n end n alternations 
[BER77, CST07B, K07B]. Our results Imply that ITOSPf.2 n2 ,2 n ) c Alt(2 0(n) ,0(n)), 
an observation which wa interpret as supporting the conjecture thet Barman's 
alternating machine complexity classes properly contain the languages 
recognizable in nondetermlnlstic exponential time. 



II. TIME-SPACE CUSSES 

The basic computational model used Is a deterministic or nondetermlnlstic 
multitape Turing machine (DTM or NTM). it haa a finite number of worktapea, 
each with a single read-write head which can move In both directions and a 
single input tape with a two-way read-only head. An accepting computation of 
a Turing machine M on input x Is a computation of M which starts with the 
word x written on the input tape and the rest of the tapea blank, end 



terminates in an accepting state. The time of a computation Is ttie number of 
steps In It; its space is the number of worktape squares vtstted during the 
computation (input tape squares not counted). By the linear speed-up theorem 
[HU69], it suffices to specify time and apace bounds only to within a constant 
factor (e.g., It la unnecessary to specify the base of a logarithm). AM time and 
space bounda are assumed to be positive valued functions on the positive 
integers. 

Definition l ! Let T end S be functions from the positive Integers to the positive 
integers. Then a (n)tisp<T t S)-mschlns is a (noh )dotar mi n l stt c multitape Turing 
machine which on every Input of length n computes for time at moat T(n) and 
space at most S(n). 

Remark: Both time and apace bounda have to be observed by a single 
computation. 

Definition 2i Let Z be a finite alphabet Then (N)TISP(T(n),S(n)) Is the set of 
languages A £ Z* for which there exists s (n)tisp(T,8 ) ' mach i n e M such that for 
all x e 2* (where n denotes the length of x) 
I ) if x e A then there is an accepting computation of M on x, 
1 1 ) If x * A then there ia no accepting computation of M on x. 

We will show that under some fammar "honesty" conditions [GLI71, SFM73] 
upon T and S, TISP(NTISP) defines a hierarchy In the following sense: for small 
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increases in the growth rate of T end 8 new languages osn be accepted which 
could not be accepted before. 

Definition 3 ; [SFM73] A function is fully oonttruotlbtm If there Is a DTM M such 
that for each Input of length n M halts ki pre ci se l y space 8(n) with the string 
#6 S(n)-2 # on one of Its work tapes. 

Definition 4: [SfM78] A function T(n) is • running tlmm If there Is a DTM M 
such that for each input of length n, the comsuUtton of M has precisely T(n) 
steps. 

Definition 5 : Two functions T(n) and 8(n) are compet/b/a If each of them is 
computable by a tlsp(T,8Hnaehkis. 

Remark: If two functions T and 8 are c omp at i b le then T Is a running time and 
S is fuUy construetlble. It Is a major open prob l e m for which pairs of functions 
the converse holds. 



Theorem 1: Let T r and 8 1 and T 2 and 8 2 be oonoailMe functions respectively. 
If 

(I) T 1 (n)log(T 1 (n)) - o(T 2 (n)) md 
(II) .8,00 >o(8 2 (n)) , 
then 

TlSPd^nXS^n)) f TI8P(T 2 (n),8 2 (n)) . 

Proof: 

It Is a well-known moult that condition (I) auffioos to show that 
DTIME(T 1 (n» (I.e., th* olass of languaoes raoognizsd by a DTM within tHne 
T^n) ) Is property oontalnod m DTIME(T 2 (n)). UkowlM condition (H) suffloos to 
obtain a simNar rosult for do t onHnl B ti o space [HU08]. It Is straightforward to 
combm* thoso proofs to obtain the s e pa ration result for TI8P. Wo oartt tho 
dotaNs. O 
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Theorem 2; Let Sg(n) 2 logXn) end let T 1 end 8, end T 2 end 8 2 be compatible 

respectively. 

If 

(I) TjOi+1) - o(T 2 (n)) end 

(II) S-jG*!) ■ o(8 2 (n)) , 
then 

NTISP<T 1 (n),8 1 (n)) £ MTI8P(T 2 (n),8 2 (n)) . 

Proof: 

Condition (I) suffices to obtain a separation result for nondetcrmkiietie time 
classes whereas condition (li) Is adequate to §et e similar reeult for 
nondeterministic spece desses [8FM73]. We w» sketch how to combine the 
proofs of these results - assuming famNertty wRh the notation of [8FM73] - to 
obtain a proof of Theorem 2. The condtttone for the program code (Appendix I in 
[SFM73]) are the ssme ss for the time end space theorem (Theorem 1 end 
Theorem 2 in [SFM73]) . The universel ■m wsat o r first toys off 8 2 (n) squares 
and then beheves like the clocked version. Only In the esse when k 2 T(|x|) 
and tooXk) 2 8(|x|) does the machine M* behave like the machine M. hi oN other 
cases K behaves Nke U 1 . D 
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Basic for proving the Main Theoresi to the notion of log-linear reduelbMty 
defined in [ST077]. 



Lemma 1: 



'tofl-Wn 



Lot A Sion.^t B, Ttn) ami 8(n) bo mon o to n e iwndeoreestrtg functions. Than 

c > auoh that 



tharo ia soma polynomial p and i 

(I) 

DTIME(T(n)+p(n)) 
DSPACE(8(nHog(n)) 



A * 



B* 



(H) 



A * 



NTIME(T(nHKn)) 
NSPACEWnHtogGt)) 

TISP(T(n)p(n),8(nWog(n)) 

NTI8P(T(n)p(n),8(nHtog(n)) 



B* 



DTIME(T(cn)) 
D8PACE(8<cn)) 

MTIME(T(cn)) 
N8PACE(S(cn)) 

TI8P(T(cn),S(cn)) 

MTI8P<T(cn),8(cn)) 



For a proof of part (I) of thta Lemma aaa [8T074]. Part (N) can ba 
shown in an analogous way. 
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III. THE THEORY OF REAL ADDITION 

Let ft * <«,♦> be the structure constating of the set of all real numbers 
with the operation of addition. Let Th(R) be the first order theory of R, l.e., 
the set of aN first order sentences true In ft. 

As a technical tool for the proof of the Main Theorem as ststed in the 
introduction we wNI use the first order theory of string concatenation and what 
we call t-bounded concatenation theory. Meyer [FMS76B] has shown that 
2 n -bounded concatenation theory Is tog-Un re d u ci ble to Thfll). We wW show 
that MTISP(2 n2 ^ n ) Is tog-mi reduoMe to 2 n -bounded concatenation theory. The 
Main Theorem then foHows Immediately from Lemma 1, Theorem 2 and the 
transitivity of tog-Hn rsduclbWty. 

Definition 6; Let I be a finite sst and let L(Z) be the first order language with 
equality, with constants r for each r cZ, and whose only atomic formulae 
(other than equalities) are of the form cat(x.yje). The demsntary theory of 
concatenation, CT(Z), Is the set of true sentenes m L(Z) under the following 
Interpretation: 2* Is the underlying domain, the constant symbols denote the 
elements 9 e Z. snd for s,b,c c X*. c§tU,b,c) Is true Iff a is the concatenation 
of b and c. 

We assume that one of the standard formats Is ussd for writing well 
formed formulae in CT(Z) which are buNt up with prep os itio n al connectives and 



13 

quantifiers as usual. The tongth of a formHa la tha number of ayiabola In tha 
formula where subscripts are written m binary. 

By bounding the length of strings In CTGE) (m a sense made precise m 
the following definition), we obtain bounded oenoetentetton theory. 

Definition 7: Let Z be a finite set and let UZ) be the flrat order language with 
equality, with constants w for each a a. Z, and whose only atomic formulae 
(other than equalities) are of the form bcat( a.b.c.n). Then for any function 
t : N -* N , we defbte t-boundmd concatenation tfmory (t-BCT(Z)) ss the aet of 
true sentences In L(Z) under the foftowing mt or protatto nt Z* Is the underlying 
domain, the conatant aymbois denote the s l sms nto * mt t and for s.b.c c Z*. 
bcat(a,b,c,n) is true Iff a is the concatenation of b and c and tha length of a 
la smaller than or equal to t(n), where 2 la the unary numeral for the 
nonnegative integer n. 

Remark: As n Is written in unary the length of the atomic formula bcat( s.b.c.n) 
Is proportional to n plus the size of the variables a,b tnd c. 

in reducing NTISP to bounded concatenation theory It la convenient to 
reatrlct the underlying oomputattonal model to be a "almpla" one-tape Turing 
machine (STM) [ST077]. TMs osn be done without toss of generality becauae 
an STM can simulate a multitape Turing machine with only a quadratic time lose 
and no space toss [HU68]. Furthermore, we assume that any move which shifts 
the head off the toft end of the tape causae the 8TM to halt and reject the 
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Input. 

In the reduction we wM describe the computation of en 8TM with short 
formulae m ^-BCTd). Let M be en 8TM, let Q denote the set of Its stetee 
and S Its tape alphabet. An mstentaneoiia description <Ld.) of M Is any word m 
S*QS*. As m [ST077] we define the function Next*, : »*Q8* •* 2** 08 *, where 
Noxt M (d) Is the set of l.d.'s that can occur one atep after l.d. d. We remark 
here that Nextg, la length preaerving. It eufftoes to make "local checka" within 
l.d. d, and l.d. d 2 to decide If d 2 c Next^d,). The reaaon for this Is that m 
one atop only a few symbol* around the state symbol eon change. 

Lemma 2 ; [8T077] Let M be an STM, $*8uQ, and X-SuQul$). There le a 
function N M : X 8 -» 2** with the foeowmg properties: 

Let d 1 be any l.d. of M, let k be the length of d 1 end auppoae 
Sd,* » <* 10 <* 11 d l2 ......d 1k d 1tlt+1 where d tJ c Z for s J s k*1 end 

* d 2* " ^"fii^W""* - * - ***! whw * *« € * for s J s k*1 
then 

d 2 c Next^d,) Iff d 2J . 1 d aj d a|K1 c V-V, Vij»i> *» •* H J * k 

For a proof of Lemma 2 sea [ST074]. Informally N M apeclfiea all 
possibilities of how the aymbola of one UL can change In one atop. 

The classes 1-TI8P and 1-WTISP are defined for 8TM'e In the came wey 
that TISP and NTISP were given In Definition 2 above for (n)tmp(T,8)-meohinea. 
Then the main lemma can be atated sa following: 



»3**? 
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Uwnw 3: (V A c l-MTIWK^, 2»)Xa IXA St^j,,, ^-BCTd)). 



Proof: 

Lot M bo a nondotomtntotto 8TM ro o o gn M ng A S •* slmuttaneoualy wKMn 
tlmo 2 n and opaoo 2*. Lot X bo tho alphabet for M given m Lemma 2. For 
each x « 0* wo wW describe a aentenoe 8 X la ^•flCTCW which aooorto that 
thoro |s an accepting computation of M on Input x. Thus x a A Iff 8 X Is true In 
2 3n -BCT(Z). Wo wW thon oboorvo that tho function mapping x to 8 X la 
computabto In dotornMatlc logepaee and la Inoar b o u n ded, viz., tho length of 
8 X ia at moat proportional to tho length of x. Thto wM than comploto tho proof. 

Lot n - |x|. Tho computation to bo described « 2 W * atopa long, thua a 
word conalatlng of a roproaonUtlon of tho whom computation would bo of length 
2°< n > and therefore too long to ba expreesed In tho language of ^-BCTCX). 
Instead wt aha! doflno tho formula 8 X based on tho construction of tho formula 
P^W which, for all Integers ta and for el z a 2*. la truo Iff 

1) z Is a string of tho form $z^$z^..j$z^$ , 

2) Zj represents an l.d. , 1 S J $ 2 n , 

3) \zf ■ 2 n *1 , 1 « j $ 2" , 

4) In some computation of M which la atartad In l.d. z J the Ld. z^ t can be 
reached m at moat 2*" steps using space at most 2» , 1 s J s 2" . 



Tj^r.;., ■■r^f''^z'^ ! - 
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The formulas P M (z) wW be defined Inductively. First we wW writ* them m 
CT(2) to clarify the Wee underlying the construction of the appropriate formulae 
In ^-BCTO!). 

As a notatkmal convenience we wHt Introduce some abbreviations for 
formulae in concetentetlon theory. Let A ■ <* 1 ,r r ...dr K }, where r, c I for 
1 s I s k. 

Abbreviation Formula 

P ■ V c«t(p,q,r) 

■ ■ P ■ qre ' OxXp ■ qx a x ■ rs) 

P € A (P ■ #,) v .... v (p ■ w k ) 

P € A * (Vx,y,zXp ■ xyi a y € Z - y c A) 

P c q (3x,yXq ■ xpy) 

We also dofme for each kcNi formula ^(x) of concatenation theory 
which is true iff the length of x Is equal to k. We define j^(x) Inductively in 
such a way that the length of the f o rmu la Itself Is proportional to logOO phis 
tho length of the variable x. 

* t (x) :■ x e X 

J 2k (x) :- <3y^Xx ■ yz a (VwX(w - y v w > z) •» M^w))) 

1 2k+i< x > : " (3y^Xx « yi a I a (y) a !,<*)) 

Furthermore we note that the new variables Introduced In constructing 1^ 
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from ^ need only be dlattnct from each other and from the free variable of J^. 
Thus only a conatant nwRbar of different veriabfee la needed to eonatruet i^. 

Tha formula Forai(z) will aaaart condition* 1) - a) above. We uee the 
convention that in every U. the atate symbol q la positioned Immadlatoly to the 
left of the symbol bstng scanned. 

Fbnn(2) :- (3wXz-*w$) a V^j^Cz) AC.VZjKCteftci a $**,) - 

t 1 **^ 2 ^ a (3w 1 ,w r qXw 1 ,w 2 €8* a qaQ a w^c a z^qw, )]> (1) 

As the induction baae we wW eonatruet the fonaula P^Cz) wMoh aattafiea 
the condltiona 1) - 3) above and tha cond r tto m that each of the aucoeaalve 
i.d.'s are either Idanttcal or follow In one atap. 

P 0trt (z) :- Form(z) a (Vz^Ctz^z^cz a 1*2, a $tzj + (aw^^q^Wj.u) 

(e^cSuiSi a qcQ a tz^-w^q*^ A z^iaa, a ucN^qsp)] (2) 

For the Induction atap we wM write a fonaula P k+1iB <z) ualng P M (z) aa a 
subformula. The baalc Idea la that l.d. z^ can be reached m 2< k * 1)n atepa 
from l.d. Zj Iff there la a strain, w which haa Zj aa a prefix, 2^ aa a aufflx and 
for which P M (w) hotda. Thua P k+1tB (z) can be written aa 1 

P k+M (z > ! " Pormte) a (V2 1 ^ 2 )[($z 1 $z 2 $cz a tdz, a $dzp -► 

OwjXP^CtZjtWjtZjt))! (3) 



!>f, '- ,-• >~v" JfHiSVWS*"!*' * * 



16 



This completes the Inductive construction of P M (z). 



We remark here that the length of 9 Mjt Is equal to a oonatant plus the 
length of P M and the length of the form*! Form The formula Form la of length 
<Xn). Hence P^ la of length OCn 2 ) prl m eit y beoauae of the n oeourreneea of 
Form. However there la a standard 'abbreviation trick" [RA76, FeR76] which 
aHowa n occurrences of aubfbrmulee whteh are the aame - except for the name 
of the variables - to be replaoed by stoma oeourreneea of n dwtlnet vartaMea 
and one occurrence of the subfermuts. A pplying thm abbreviation trick to P M 
would yield an eoukfatent formula P 1 ^ of length 0(ntog(n)). 

We wiah now to construct a abort formula b-P^z) In the language of 
^"-BCTCZ) which la true Iff oottdltlene 1) • 4) as above hold. The 
straightforward way to obtain audi a b-P.,, m to first rewrite P« so that the 
formula beat repwcea each occurrence of c§t Once there are only proport ion al 
to n oeourreneea of eat m F M and the length of bejj m 0(n), one could next 
apply the standard abbreviation trick on the multiple occurrences of beet to 
obtain a formula b-P^ which m also of length O(mog(n)). Thki would be enough 
to prove a version of our Mam Theorem with 2°*"*>Nftn>) In place of z***?) 
and 2 0(n/,o « (n » In place of i°<">. m the peragrephs benw we wW give a 
slightly more oompNeated oon st r u ctlo n yielding a formula b-P^, which la actually 
of length <Xn). 
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The Idea of the construction to as 
moon ttto same as 



fottowai the fomuls 8 kJI (s t b l c,d t o > z) 



bcat(a,b,c,n) a I^W) a **•(*«)♦,<•) a P m <z). 

Thus tho formula S k+1 ^(« f b,c,d,s r 2) wW bo equivalent to 

Of,g,u)S M («,b,c,f,Q,u) a (3u)8 M (€^,€,d,s^i) a P^jW 

(where e donotos tho empty string). 

Now note that as m (8) P k+1<R («) m ooutvalont to 

Form(z) a (Vz 1> z 2 )[($z 1 «i at icz a $tz, a $UJ * 

Ow 1 ,f^K8 M (€,€,€,f4^tz 1 $w 1 $z 2 t))]. (4) 

Similarly tho formula Form(z) as m (1) to ooutvalont to 

(3W)(Z«*W$) A (3f^l)S M («,«,€,f AU) A (V2 1 ){($2 1 $C2 A *&,) - 

[(3g,u)S M (c,e,«^ 1 ,g,u) a (Vw^w^qXw^WjCS* a ecQ a w^c a z^qwp]} (5) 



Wo observe now that tho meaning of formulas ooutvalont to (4) and (6) 
does not change If oaoh occurrence of the formula cjt Is replaced by the 
formula beat as the length of all strings In (4) and (6) la bounded by 2 3n . 
Thus (4) and (6) can oqulvslontty be written by re p lacin g each occurrence of 
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cat(p,q,r) by (3f,g*u)8 M (p,q/,f,g,u). So wr cm conclude that a formula S' k+1 ^ 
equivalent to S fc+1 B can be written using a fixed number 
(independent of k and n) of copies of 8^, plus s fixed number of additional 
quantifiers, variables and logical connectives. We assume now that the reader 
Is familiar with the technical details of the abbreviation trick and we merely 
summarize its application to S' k+1 „. Applying the abbreviation trick to S' k+Vl 
yields the formula 8,^ which has only one copy of 8^ as a subformula and a 
fixed number of quantifiers, variables and logical coimeetlves. Again we note 
that no difficulty arises If the new variables Introduced m constructing S k+1 „ 
coincide with variablea bound Inside S M Thus only a constant number of 
additional variables are needed to construct 8 k+1f|| from 8 0f „. Therefore the 
length of a^ is 0(k«1) plus the length of 8^. 

We will proceed now in constructing s formula S Q n (a,b,c,d,e,z) whose 
meaning is the same as bcstU.b.cn) and i 2nf1 (d) and ^^^(e) and P 0§n U). 
As we want the length of 8 0<n to be proportional to n, we shall require a 
formula b-I m n (a,b,c,d) written in the language of 2^~BCJ(Z) whose length Is 
(Kn) plus Odog(rn)) phis the length of a,b,c and d and which means that 
bcat(a,b,c,n) holds and that the length of d is m, where m Is any Integer s 2 s ". 
The construction of b-I^U.b.c.d) Is similar to the one for i^d). 

We henceforth use the aame rotational abbreviations as were Introduced 
for formulae In CT(X) except that p * qr Is an abbreviation for the formula 
bcat(p,q,r,n). 



21 

b-l 1n (a,b,c,d) :■ bc«tU,b,c,n) a d e 2 

b T 1 2in,n (a ' b ' c ' d > ! " (3MXVp,W,e)[(<p;v,s>»<d t e,f,e> v <p,q,r^>«<«.b f c,f» -* 

b "Vn (wi,r, * )3 
b ' i 2m*un ia ' b '°' 6) lU ^ , »-W - * , '» ,A b-i 1n («4»,c,f)) 

By carefully reusing bound variables In the construction above, only a 
fixed number of distinct variable* is needed. Thus the length of to-i m n (a,b,c,d) 
is <Xn) phis CKtoodn)) plus the length of mjbfi and d. Note that therefore the 
lengths of the formulae b-i 2B+1 ^(a,b,c,d) and b-J 2W(a ^ a)+M <a,b,c t d) are both 
proportional to n phis the length of «,b,c and d. 

Now let b-P^Cz) be the formula obtained from P^Cz) as given m (2) by 
first replacing each of occurrence of l^Cd) by b-l Mn (c,e,c,d) and then by 
substituting the formula boat(p,q,r,n) for each occurrence of the formula 
cat(p,q,r). As only a fixed number (independent of n) of copies of the formulae 
b -=£2«*i 1 n • ^iz»X2«+2>+i,n • nd bGtA t* 10 * wewding the boat' s inside b-l^n) are 
needed to write the formula b-P^ , the length of b-P^z) Is p ropo rt i on al to n. 
Finally, we take S an (a,b,e,d,e,z) to be 

D " J 2n*1.n (a ' b ' c » d > A b - J zn(anf2)+1,n (e ' € » € » - > A ^W 2 * ' 



Therefore the length of 8 <U) (a,b,c,d,e,z) is 0(n). 
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Thua we have shown how to construct a formula 5 (M1 (a,b.c,d,e,z) m tho 
language of ^-BCTd) whose meaning to tho mm m tho conjunction of 
b " 1 2"+i,n (a « '' c » < *)» D * i 2«Ki»*iHi^ €,€,€ » 0) *** b * p iui tl) •a* whooo length is 



proportional to n. 



Now to complete tho construction of 8 X we wM need, m addition to S.„ . 
a formula IN xn (w) whtoh to truo Iff w to tho string x. Lot x,^...^, bo tho 
aucceaalve symbols in x. Than tho straightforward way to writo tho formula 
IN xn (w) uaaa n dlffarant vartoMaa and therefore No length would bo ntogXn). 
Inataad Wa wis daflna a formula l x#n (M>Aw) whoso moaning to tho same as tho 
conjunction of W Xfn (w) and best(s*,o£), aooh Mat the length of 1^ to 0(n). 

, €,n (a « b » c » w > ! " ocatCa^.cn) a w - c . 
For ucZ* *«Z, wa daflna 

, ur t n (a ' b ' c ' w ) s * <3w 1 XVp,v f a)[«p A r^>.<w,w 1 #,w t > v <p,q^>-<a r b,c,w 1 » - 

Again wa noto that l xn can bs constructed ualng a flxod number of 
distinct variables. 

Finally let s x ba tha fotowtag formula, whara % denotee the initial atato, 
q a tha accaptlng atate and ft tha blank taps symbol 

S x :■ (3w,b A u)CI Xtn (e,€ f €,w) a ba{ft>* a t^wb***"** a 8 |MI <€,€,€,q a u*z)] . 
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Clearly x € A iff 8 X l« (trim) in J^-BCTd). We hew already shown that 
the function mapping x to 8 X is linear bounded. The results of [SM73, LIN74] 
may be used to show that the computation of 8 X can be carried out within 
deterministic logspaee; we leave the verification of this final claim to the 
reader. Hence the transformation of x to 8 X Impftss that A i to9 .n n ^-BCTCZ). 

Remark: For arty c > 1 and any alphabet X there sxmto an alphabet such 
that 2 cn -BCT(Z) is tog-Nn reducible to 2 n -BCTO). 

Lemma 3 and the preceding remark, together with tho reduction of 
2 n -BCT(Z) to Th<*,+> oomptetes the proof of the Main Theorem. 

IV. OPEN PROBLEMS 

In this thesis we classified logical theories with respect to both 
computation time and space. The bsslc open question remaining Is to 
characterize the complexity of Th<M> (or equh/aientiy Att(2%)) more precisely 
In terms of time end space. Note that the ewJms that AK(2 n ,n) m equivalent to 
NTIME(2 n ) or equivalent to 8PACE(2 n ), or both for that matter, remain consistent 
with our Main Theorem. 

A second related open problem is to Improve the known lower bounds on 
the complexity of Presburger Arithmetic. Such Improvement* do not follow 
directly by the ssme method used to bound Th<R,+>, as can easily be seen by 
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parameterizing our main reault. We have shown that for f(n)*2 n , the class 
NTISP(f(n) n ,f(n)) reduces to Th<K,*>. The same proof shows only that 
NTISP(g(n) n ,g(n)) reduces to Presourger Arithmetic where g(n)*2 2n , a result 
which degenerates to the known results [FIR 74] that MTIMEU 2 ") reduces to 
Presourger Arithmetic. 

We hope that the framework we have set up leads to a better 
understanding of the relation between the computational resources time and 
space. 
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APPENDIX: RELATION BETWEEN THE COMPLEXITY CLASSES 
S^fdlXoGi)) [BER77] AND AftCtOOftdi)) 

In hia paper Barman [BER77] Introduced a new complexity measure baaed 
on the specification of aeta by bounded qu ant W ca Uo n of Hnear-tJme predieatea. 

Definition 1 ; [BER77] A aet Is m the complexity eteee S t (f(n),g(n)) If there la a 

linear-time predicate R(-) on atrlnga auch that 

A-{x | ^ 1 Vy 2 ...Qy ^R(x#'<N)y 1 #....#y g(M) ) A |y,|<f(|x|) a ... a ^HfCM)]) 

Furthermore he observes that Th<ft>> to complete In Us^^n) under a 
polynomial time reduction. We will ahow that the complexity maaaure S 1 la 
eaaentiaNy the aame aa the meeeure Alt defined by: 

Definition 2 : A aet la In the complexity olaae Alt(t(n),a(n)) If there la an 
alternating Turing machine [C8T07S] which accepts A within time t(n) using at 
moat a(n) alternations. 
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Lemma 1 ; 

Let f(n) and oXn) be computable m time f(n)g<n) and f(n) 2 n. Then 

SjWnXgOO) c Alt(f(n)g(n)^(n)) 

Proof: 

Let A e SjWn^gXn)). To show that A m amo a member of Att(f(n),o(n)) 
we will deacribe a computation of an altemattno Turing machine M which 
accepts A wlthm time f(n)g(n) using at moat gXn) attornatkme. 

The proof la very almHar to the one of Theorem 6 In [K076] and we 
assume familiarity with the notions used there. Let x c A, n ■ |x|. On Input x 
M first writes x*^ on its tape. Now it enters an existential state to write 
down x# f < n >y t (where |y,|2f(n) ). Then by changing Into an universal state It 
writes down xffttty'jfy, for all y 2 with ly^fin). It proeeede now altematlno 
existential and universal states until xf^fUry^ Is written on the tape. 
This can be done with at moat f(n)g(n) steps and oXn) altematlona. Now M 
chocks the predicate Wxe^y,*...**^)) „* accepts Iff W-) Is true. As R(-) 
is a linear-time predicate, M uses at most f(n)g(n) steps to check It. As we 
can speed up the whole computation by a constant factor, M accepts A within 
time f(n)a(n) using at most g(n) alternations. D 



— «,-**, . tr'-*--* ,« -,vS f 
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Lemma 2 ; 

Let t(n) 2 n. Then 

AJt(t<n),a<n)) c SjftOMn)) 

Proof: 

Let A be a set accepted by an alternating Turing machine M wttMn time 
t(n) using at most a(n) altemetlona. To simplify the following proof we assume 
(w.l.o.g.) that M has only one tape on wMoh Initially the Input la written. 
Furthermore we adopt the convention that ones M enters the accepting state 
q a it keeps running In q a . We also assume that the initial atate is an 
existential state. We want to anew that A la amo in the class 8 t (t(n),a(n)). 
To clarify the construction of the predicate R<-> aa required In Definition 1 we 
wHI first show thst A Is m the clsss S^tfn^n)). 

Let x e A end n * |x|. A computation of M on x can be described by a 
sequence of strings y f .y 2 .»..y^ (l) where each y, Is a sequence of l.d.e an of 
which only contain states of one kind, universal If I Is even, existential If I is 
odd. We define the prsdtosta R 1 (x# l ^> 2 y 1 #.^y a{(|) ) to be true iff yi#y 2 #..#y, (ll) 
describes sn sccsptlng computation of M on input x 
(I.e., yt#y 2 #...#y, (n) • d 1 #d ( #..^M |(l4 with d, being the Initial i.d., d t(n) the 
accepting I.d. and for 1 s I s t(n)-1 the i.d. d |+1 followa from I.d. d, In one 
computational step) or there Is an I.d. d, which Is s substring of some y 2J 
1 s J s Lt(n)/2J and la not a successor I.d. of d,.,. 
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It is now straightforward to verify that 

{x | x accepted by M} • 

{x | 3y 1 Vy i ...Qy Kn) [R 1 (x# , ^y 1 #. rt #y^ |) ) a »y,r<«n) a - a [y^Hn)}} 

We remark only that without the aeoond otetwe In the definition of R,, the 

predicate 3y 1 Vy 2 ...0y a(||) B 1 (-) is never true es the s u s nUfhwa range over all 

strings. 

Now note that at most 2 symbols change between two consecutive l.d.s. 
These change* are determined by the next move function of M. Now let 
u i»"" u t(n) b * * ••quenee of strings wMoh d sso rt hs s s se qu e n ce of moves In a 
computation of M. That means that for each I, 1 s I s t(n), u, Is a atrlng of the 
form pdq, where p denotes the symbol to be printed, d the direction of the 
move of the heed and q the state to be entered. A computation of M contains 
at most a(n) sltemstions. Therefore up to t(n) consecutive moves correspond 
to situation* where M doss not change between universal and existential stste 
and we will replace each such sequence by single variables w Jt 1 s J s a(n). 
As the length of the strings u, Is constant the length of the strings w J is at 
most of order t(n). We will construct now s linear-time predicate 
R(x# t<n) w 1 #...#w a(n) ) which is true Iff there Is an accepting computation of M on 
x determined by u t through u f(n) or for some u, which Is psrt of some w 2J , 
1 s J * Lt(n)/2J the following Is true: u, doss not describe s legal move for 
the configuration obtained by spph/mg ths moves u, through u,., on Input x. 

The predlcsts R(x# t(n) w 1 «...«w a(||) ) can be computed In time Hneer In Its 
Input by the following str a ig htfo r wa rd procedure! 
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1) construct the initial l.d. from x 

2) for each I cheek If u, deacribes a legal move (thla can be done by 
comparing u, against the 3-tuplee detenaliied by the transition function) 

If u, describes a legal move* update the current kd 

otherwise: halt and output true if u, Is In part of some Wj and j la even 

otherwise halt and output fates 

3) check if the string u^ contains the symbol q a . 

Clearly the above procedure does not take more than <Xt(n)) atepa. D 
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